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ABSTRACT 
q is a continuous positive definite function of a locally compaet group B. Con- 
sidering subgroups of a for which the restriction of Q is a character a short proof of 
Douady’s Theorem and its converse can be given. 
We show that in connected groups a which are not the direct product of a vector 
group and a compact group there always exist a closed subgroup H and a character 
of H which cannot be extended to B as a continuous positive definite function. 
Moreover, if Q is almost connected the restriction map B(B) +-B(H) of the Fourier- 
Stieltjes algebras is surjective for every closed subgroup H if and only if B has 
arbitrarily small invariant neighbourhoods at e. 
1. INTRODUCTION 
Let G be a locally compact group and let P(G) denote the set of 
continuous positive de&rite functions on G. G is Maximally Almost 
Periodic (MAP), if G admits a continuous injective homomorphism into 
a compact group. By the Freudenthal-Weil theorem, a connected MAP 
group is the direct product of a vector group and a compact group. We 
show in this paper that connected groups have the same structure if they 
have the extension property (i.e. the restriction map P(G) + P(B) is 
surjective for every closed subgroup H of G). Actually, if a connected 
group G is not the direct product of a vector group and a compact group, 
there exists a character of a closed subgroup of G which cannot be extended 
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to G as a continuous positive definite function (Theorem 1). Character 
here always means a continuous homomorphism into the circle. 
It is well known that MAP groups which are generated by a compact 
neighbourhood of the identity have Small Invariant Neighbourhoods 
(SIN) of e (invariant under inner automorphisms). In [8] we showed that 
every SIN group has extension property. It turns out here that for almost 
connected groups G (i.e. G/Go is compact, where GO is the identity com- 
ponent) the SIN-condition is also necessary for G to have extension 
property (Theorem 2). 
It is Douady’s theorem, which is the main tool in proving that for 
certain closed subgroups .H the restriction map P(G) + P(B) fails to be 
surjective. We give a slight generalization of it (Proposition 1) and state 
some general results on extensions of characters. As far as characters are 
concerned most of the proofs are very simple. 
Representation always means a continuous unitary representation of 
G on a Hilbert space. 
2. EXTENSIONS OB CHARACTERS 
For y E P(G) there is a unitary representation n, on a Hilbert space 
and a vector E such that 
The set of normalized functions in P(G) is denoted by Pi(G). If q~ E Pi(G) 
and ]q(e)]=l, we have 
therefore 
d-4 = b&+4+%) = PWW for x E G. 
Since &r-l) =a for x E G, one obtains 
LEMMA 1 ([9, (32.7)]). Let go E P(G) and .s E G. Then 
f?-J@4 = plbM4 = d4 
holds for all x E G if and on@ if Iy(8)I = 1. &={8 E G; [97(8)[ = 1) i8 the 
largest subgroup, such that the restriction of 9, is a dwracter. H 
Now let H be a closed subgroup of G. If y is a character of H and K 
a closed subgroup of G contained in the normalizer of H, we denote by 
K(y) = {x E K; &m~-l) = y(a) for .J E H) 
the stationary subgroup. 
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PROPOSITION 1. Let y be a character of E and let N be the normalizer 
of E. If rp E P(G) is an exten&@n of y, the set {X E N; q(X) # 0) is contained 
in N(y). 
PROOF. Since v(e) =7(e) = 1, it follows from Lemma 1 
d+‘(4 = Q)(=8) = ‘Pb3+4 = d~~~1b?‘(4 = y(='-+)'$'(X) 
for x E N, 8 E H. Therefore x E N(y) if y(x) #O. 
COROLLARY (Ddy, [9, (34.4&d)]). Let y be a character of a dO8ed 
rwrd subgroup H of G. If there exiata Q E P(G) extending y, the etai?io?uzry 
subgmup G(y) is open. 
REMARK. Since the restriction map P(#) + P(Z), 2 the centre of G, 
is onto [3 ; 13, Proposition 1.11 the converse of Douady’s theorem is also 
true (see [la, 6.231). But there is a direct and simple proof by using 
induced representations as follows: The representation Uy induced by y 
on G(y) may be realized on a space of functions o satisfying 
w(Xd) = y(S)w(X), X E G(y), 8 E H 
thus for 8 E a 
(~(S)cO)(X) = W(8-lx) = W(XX-18-1X) = 7(8)4X) 
consequently 
v(8) = y(s)I, 8 E H 
so every y E Pl(G(y)) associated with U” extends y. Finally if G(y) is 
open, the trivial extension v of p E Pl(G(y)), v(x) = 0 for x E G, x 6 G(y), 
is a continuous positive definite function. w 
There is another application of Lemma 1. If G is separable and if y 
is an elementary positive definite function on H (i.e. n, irreducible) which 
has an extension y E P(G) then there exists an elementary extension of y 
[8, 3.31. We do not know whether this is true for non separable groups. 
But if y is a character we get 
PROPOSITION 2. Let y be a character of a closed rubgroup H of G which 
can be extended to G a8 a wntinuom positive definite function. Then there 
exists an elementary function oc E P(G) extending y. 
PROOF. It is easy to see that every extremal point OL of the convex 
set &=@~?(a); vjfl=y} is an extremal point of PI(G), thus zz& is 
irreducible. But EY is not compact in general, P(G) CL”(G) endowed 
with the weak *-topology (compare [8, 3.11). In order to see that EY has 
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extremal points we consider the set 
Py = {p, E J’(G) ; dH=&4y, de) 4 1). 
By Lemma 1, #J=v(e)y is equivalent to 
I = q(x)y(s) for all x E G, 8 E EI. 
(If IJJ f 0, we apply Lemma 1 to v/y(e) E Pi(G)) and v E P(G) satisfies 
this equation if and only if for all f E Ll(G), 8 E H 
d fb-Wd4~x = I f~X)Y(~)Ol(X)~X 
where dx denotes a left invariant Haar measure on G. Therefore Py is a 
closed subset of the compact set {q E P(G); q(e)< l}. By the Krein- 
Milman theorem, Py has non-zero extremal points, which are elementary 
extensions of y. n 
Combining Proposition 2 with the converse of Douady’s theorem we 
get a simple proof of the following fact. 
COROLLARY. Let G be a locally compact group and let H be a closed 
subgroup of G contained in the centre Z of G. If y is a character of H, there 
is a cow&wow irreducible represent&on n of G such that 
n(8) = y(S)] for 8 E H. 
REMARKS. 1) If G/Z is compact, every irreducible representation of 
G is finite-dimensional [5], so the corollary generalizes a result obtained 
in [5], Theorem 5.5. 
2) Let H be an arbitrary closed normal subgroup of G. If y is an 
invariant character of H (G(y) = G), therefore U”(8) = y(s)l, 8 E H, then 
every irreducible representation z weakly contained in Uy satisfies 
n(s)=y(s)I, 8 E H [2, 18.1.4-j. 
This generalizes Theorem 5.13 in [14]. 
More general, let G(y) be open. Then x E G belongs to G(y) if and only 
if there is an elementary extension v E P(G) of y satisfying v(x) # 0. For 
if x E G(y), let R be an irreducible representation of G(y) such that 
n(s) = y(8)1, 8 E H 
Since Z(X) is unitary there is a vector 5‘ such that 
bw~lt) # 0, ll5ll= 1. 
Then the function oc E Pl(G(y)) defined by 
4~) = (~(Y)W, Y E G(r) 
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is an elementary extension of y. By Proposition 1, the trivial extension 
IJJ E P(G) of a is the unique extension of 01, so Q, is elementary and 
q(x) = a(x) # 0. 1 
If L is a normal subgroup of H, characters of H/L are considered as 
characters of H in the usual way. The first statement of the following 
lemma is only a slight generalization of [la, 5.5]. 
mixma 2. Let L be a closed nomnal subgroup of G and let H, K be closed 
subgroups of G such that H contains L, H/L is abelian and K is contained 
in the notmulizer of H. 
(1) If K is wnnected and if every character y E HTL C P(H) has an 
extension v s P(G), the action of K on H/L, sL + ksWL, is trivial. 
(2) If L is contained in the centre of H, if G/L is connected and H is 
a normal subgroup, of G not contained in the centre of G, then there is a 
character y of a closed nornzal subgroup N of G, N C H, which has no 
extension 9 E P(G). 
PROOF. Assume i&Ii-lL#sL for some k E K, s E H. Then there is a 
character y E HTL C P(H) such that y(LsL+) #y(s), so K(y) # K. 
(1) If K is connected, K(y) cannot be an open subgroup of K, therefore 
y has no extension v E P(G) by Proposition 1. 
In particular, closed abelian normal subgroups of connected groups, 
not contained in the centre, have always characters which cannot be 
extended. 
(2) By the preceding remark, if H/L is not in the centre of G/L, 
there is a character y of H, yell E 1, with no extension pl E P(G). So we 
may assume that G acts trivially on H/L, then for arbitrary x E H the 
closed subgroup N of H generated by x and L is an abelian normal sub- 
group of G. Suppose x $2, then there is a character y E 8 such that 
G(Y)+G. 
If G(Y) is open, PWY)) is an open subgroup of the connected group 
G/L, p : G + G/L the canonical projection, so G = G(y)L = G(y), a contra- 
diction. 
Therefore y cannot be extended to G by Douady’s theorem. 
REMARK. Let H be a closed normal subgroup of G such that the 
restriction map P(G) + P(H) is onto and consider the central descending 
series of H 
Ho=H, H,=[H, Hn-I], n EII, 
where [H, Ejm-11 is the closure of the commutator subgroup indicated. 
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If y is a character of Ha such that yjH,,+l E 1 
y(hsh-l) = y(hsk18-b) = y(8) for h E H, 8 E H,, 
thus the stationary subgroup H(y) is equal to H. By the converse of 
Douady’s theorem, y has an extension to H and then to G. By the first 
part of Lemma 2, the connected component GO of e acts trivially on 
Hn/H,,+l, n in. By [14], Theorem 3.3, this allso give8 a proof of Theorem 1 
in [l] for the ca8e of the Fourier-Stieltjes algebra B(G). 
PROPOsI!cION 3. Let S be a solvable cloeed normal subgroup of G such 
that G/Z(S) is connected, Z(S) the centre of S. If S is not co&id in the 
centre Z of G, there exist a clo8ed nod subgroup N of G, N C S, and a 
chmacter y of N which has no exteneion to G. 
PROOF. 1) Suppose G to be connected. Since S is solvable and S Q 2 
there are closed normal subgroup8 H, L of G contained in S such that 
L C 2, H $ 2 and H/L is abelian 
so we can apply Lemma 2 a8 G/L is connected. 
2) By l), if S/Z(S) is not contained in the centre of G/Z(S), we can 
find a closed normal subgroup N of G, Z(S) C N C S, and a character 
y of N, y]Z(S) = 1, which has no extension v EP(G). 
But, if S/Z(S) is abelian, the assertion follows from Lemma 2 again 
(H=S, L=Z(S)). w 
REMARKS. 1) In [3] it was shown that connected solvable groups 
with extension property are abelian. The proof of Proposition 3 above 
is similar to the proof given there. 
2) Let H be closed subgroup of G such that e E G has small invariant 
neighbourhoods under the action of H on G by inner automorphisms 
(for instance, if H is compact or G is a SIN-group). Then every character 
y of H has an extension IJI E P(G). (The proof of Lemma 2.1 in [8] is simple, 
if y is a character). So the following corollary generalizes some known 
facts (see [2, l&4.5], [6, Proposition 2.11). 
COROLLARY. Let S be a solvable clued nomna2 subgroup of G 8uch that 
G/Z(S) is connected. Then, if S is compact or if G is a SIN-group, S W 
contained in the centre. In partic&r, compact solvable -1 &ld?g~OU~S 
of cunmted groups are contained in the cen.tre. W 
Now let G be connected and let rad (G) be the radical: rad (G) is the 
largest solvable connected normal subgroup in G [12]. G is said to be 
semi-simple if rad (G) is trivial. G/rad (G) is semi-simple. 
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mm53f.h 3. Let B be connectea and semi-simple. If a! is not compact, 
there exist a dosed subgroup 8 of Q and a character y of S which cannot 
be extended to G a8 a continuous positive dejinite function. 
PROOF. If a is a Lie group, its Lie algebra go has Cartan decomposition 
go=fo+Po with po#O ([lo, XIII, Theorem 1.31, [7]). Let Qp,, be a 
maximal abelian subspace of PO and let g be the complexification of go. 
There is a Cartan subalgebra b of g containing bp,, and a root system 
A with respect to b such that each root OL E d is real valued on bpO [7, 
p. 2221. Since l&,#O there exist H E bpo and OL EA such that a@)#0 
and since al(H) is real we can choose 
Of X E go such that ad R(X) = a(H)X. 
Therefore bpo +BX is a solvable Lie subalgebra of go which is not abelian. 
The closure C of the corresponding analytic subgroup of Q is connected 
solvable and not abelian. By Proposition 3, there is a character e of a 
closed normal subgroup N of 0 which has no extension q~ E P(C). Clearly, 
e cannot be extended to U. 
In order to prove the general case let K be a compact normal subgroup 
of G such that G/K is a Lie group. Then Q/K is semi-simple [4, p. 641 
and not compact. Let N, e as above and S =~p-l(N), y = e o p, I, : G + G/K 
the canonical projection. Since e has no extension to G/K and ylK = 1 
y has no extension to Q. 
THEOREM 1. Let Cl be a connected locdly compact growp which 6 not 
the &red product of a vector growp ano? a compact group. Then there is a 
continuous character of a clotwd subgroup of Cl which cannot be extended a8 
a wntinuou8 fportitive defbite function of Cl. 
PROOF. If rad (Q) is not contained in the centre of a, the assertion 
follows from Proposition 3. 
Suppose rad (B) Z 2, then rad (Q) is a connected abelian group, so 
there is a vector group I’ and a compact group K such that 
rad (a) = I’ x K [2, B26]. 
Since G is not the direct product of a vector group and a compact group 
and since V C 2, G/V is not compact by Iwasawa’s splitting theorem 
[lo, Theorem 23, p. 391 thus G/rad (a) is not compact. 
Then by Lemma 3, there is a character y of a closed subgroup of 
U/red (G) which has no extension. 
REMARK. In order to prove Theorem 1 we could have used the Freu- 
denthal-Weil theorem [2, 164.61 instead of Iwasawa’s splitting theorem. 
But, since connected MAP-groups are SIN-groups [ll, Proposition 12.2 
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(iv)] a proof of the Freudenthal-Weil theorem follows from Theorem 1 
and the remark preceding Lemma 3. 
PROBLEM. Can Lemma 3 be proved without using Lie group theory ? 
3. GIROUPS WITH EXTENSION PROPERTY 
Let G be almost connected (i.e. G/Go is compact, where Go is the identity 
component). By [ll, Corollary X11.1.1 (see also [6, p. lo], for another 
proof) the following properties are equivalent 
(1) G has small invariant neighbourhoods 
(2) G is the semi-direct product of a vector group V and a compact 
group K such that K acts on V effectively as a finite group. 
(3) G is maximally almost periodic. 
Moreover, G has these properties if and only if GO has [6, Corollary 2. lo] 
(see also [l 1, Corollary XII. 1.1, for some more equivalent properties). 
We show that the extension property also is equivalent. 
THEOREM 2. Let G be a locally compact group such thut G/Go is wmpact. 
Then the following statements are equivalent. 
(i) The restriction mup B(G) -+ B(H) of the Fouriedtieltjes algebra is 
mrjective for every closed subgroup H of G. 
(ii) Characters of closed subgroups have always wntinuous positive definite 
extensions. 
(iii) G is the semi-direct product of a vector group V and a compact group 
K such thut K acts on V efiectively a8 a jinite group. 
PROOF. If H is a closed subgroup of G and y E P(H) has an extension 
in B(G), there is v E P(G) extending y [la, Theorem 3.31. In particular, 
(i) implies (ii). 
Assume (ii) holds. Let y be a character of a closed subgroup of Go, 
then there is 97 E P(G) extending y, so ~]Go E P(Gs) extends y. By Theorem 1, 
Go is the direct product of a vector group and a compact group. Then 
G has the structure stated in (iii) ([ll, Corollary X.31, see also the proof 
of Theorem 2.9, (1) + (2), in [S]). 
If (iii) holds, G has small invariant neighbourhoods [6, p. 111, thus (i) 
follows from [8, Korollar 2.111. 
REMARK. One might conjecture that every locally compact group 
with extension property has arbitrarily small invariant neighbourhoods. 
The following counterexample is due to H. L. Skudlarek. 
EXAMPLE. Let G be the semi-direct product of ‘R with Z where each 
integer n acts on R by r + 2flr. Clearly, G has no compact invariant 
neighbourhood at e. If H is a closed subgroup of G, then H is contained 
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in R or it contains R or H is conjugate to a subgroup of Z. For, if H Q 8, 
there is a real number r such that 
THY-1 n Z# (e) 
so we may assume Hn Z=mZ, m#O. If H#mZ, take O#tE& keZ 
with 2 = Icr E H. Then zm = km(2m - l)t, thus 8 = (2m - 1)t belongs to H. 
Since 0 # 8 E H n Yl3 H contains the set (zmn8 ; n E Z} therefore ‘l3 Z H. 
Now, if H C @, the restriction map P(Q) + P(H) is onto since I3 is 
abelian. If I3 _C H, the map P(G) +- P(H) is surjective since H is an open 
subgroup. Finally, if H =Z, every y E P(H) has an extension v E P(G) 
such that C&V) = y(n), n E Z, r E I3. Thus G has extension property. n 
There are locally compact MAP-groups which don’t have extension 
property [14, Example 2.61. But, if G is maximally almost periodic and 
generated by a compact neighbourhood of the identity, it has small 
invariant neighbourhoods [ll, Proposition 12.2 (iv)], so it has extension 
property [8, Korollar 2.111. 
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